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RADICAL EXTENSIONS FOR THE CARLITZ–HAYES MODULE
MARCO SA´NCHEZ–MIRAFUENTES AND GABRIEL VILLA–SALVADOR
Abstract. Let L/K be a finite extension of congruence function fields. We
say that L/K is a radical extension if L is generated by roots of polynomials
uM − α ∈ K[u], where uM is the action of Carlitz-Hayes. We study a special
class of these extensions, the radical cyclotomic extensions. We prove that any
radical cyclotomic extension has order a power of the characteristic of K. We
also give bounds for the Carlitz-Hayes torsion of these extensions.
1. Introduction
Let L′/K ′ be a field extension. In the study of radical extensions we have the
torsion and the cogalois classical groups
T (L′/K ′) = {u ∈ (L′)∗ | un ∈ K ′ for some integer n}
and
cog(L′/K ′) = T (L′/K ′)/(K ′)∗.
There exists an important class of field extensions studied by Greither and Harri-
son [4] which is called cogalois extensions. We say that L′/K ′ is a cogalois extension
if:
(1) L′ = K ′(T (L′/K ′)) and
(2) card(cog(L′/K ′)) ≤ [L′ : K ′],
see [4] and [2].
The analogy of number fields with congruence function fields and, more precisely,
of cyclotomic number fields with cyclotomic function fields, leads to the natural
question if there exists the analogous of the usual torsion group with the torsion
module defined by the Carlitz–Hayes’ action.
We give a new definition of radical extension by using the action of Carlitz–Hayes.
A funcion field extension L/K will be called radical, if L can be generated by some
elements u with uMu ∈ K overK, whereMu are some rational polynomials. Among
these extensions we study radical cyclotomic extensions. An extension is called
radical cyclotomic, if it is radical, separable and pure. They can be viewed as the
generalizations of Carlitz–Kummer extensions. These extensions have analogous
properties to those of cogalois extensions defined in [4], see Sections 4 and 5. A
radical cyclotomic extension L/K satisfies L = K(T (L/K)). Observe the analogy
with the previous definition.
In this paper we study the torsion given by the action of Carlitz–Hayes. Thus
we understand “radical” in the sense of this action. We study the structure of
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congruence function fields generated by torsion. In Section 3 we define the concept
of radical cyclotomic extension as an analogue of cogalois extensions in the classical
case. We give examples of radical and nonradical cyclotomic extensions and of
pure and nonpure extensions and show that, as in the classical case, the extension
k(ΛPn)/k(ΛP ) is pure, where P ∈ RT is an irreducible polynomial and n ∈ N. In
Sections 4 and 5 we give some properties of radical and radical cyclotomic extensions
and prove, as in the classical case, that for Galois extensions, the cogalois group is
isomorphic with the group of crossed homomorphisms.
In Section 6 we obtain our main results: we characterize the finite radical cyclo-
tomic extensions. In particular we prove that finite radical cyclotomic extensions
are p–extensions, where p is the characteristic of the base field. This is given in
Theorems 6.6 and 6.7 and Corollary 6.9. Examples and applications are provided
in Section 7. Finally, in Section 8 we find an upper bound for the cogalois group of
a radical cyclotomic extension.
2. Notation
We shall use the following notation.
p denotes a prime number.
q = pν , ν ∈ N.
k = Fq(T ) denotes the field of rational functions.
RT = Fq[T ].
µ(K) denotes the set of Carlitz roots contained in a field K.
k denotes an algebraic closure of k.
char(L) denotes the characteristic of a field L.
If E/L is a field extension such that k ⊆ L ⊆ E ⊆ k, we denote by T (E/L) the
set {u ∈ E | there exists M ∈ RT such that uM ∈ L}.
Cm denotes the cyclic group of order m.
3. Radical cyclotomic extensions
In this work we consider extensions L/K such that k ⊆ K ⊆ L ⊆ k.
In what follows we will use the Carlitz-Hayes action. Let ϕ : k → k be the
Frobenius automorphism, ϕ(u) = uq, and let µT be the homomorphism µT : k→ k,
given by µT (u) = Tu. We have the Carlitz-Hayes action of RT in k given as follows:
if M ∈ RT and u ∈ k, then uM :=M(ϕ+ µT )(u).
Now, if M ∈ RT \ {0}, the M -torsion set of k, denoted by ΛM , is defined as
ΛM := {u ∈ k | uM = 0}. We also call ΛM the set of Carlitz M -roots. Note that if
a ∈ k then set of all roots of the polynomial zM − a is {α+ λ | λ ∈ ΛM}, where α
is any fixed root of zM − a in k.
Remark 3.1. The module ΛM is analogous to the n-torsion defined over Q
∗
. Since
the n-torsion is a cyclic Z-module because it consists of roots of unity, it can be
shown in an analogous way, that ΛM is a cyclic RT -module, see [10] Chapter 12.
We denote by λM a generator of ΛM and say that λM is a primitive Carlitz root.
Definition 3.2. If M ∈ RT , M 6= 0, Φ(M) denotes the number of elements of
(RT /(M))
∗, the multiplicative subgroup of RT /(M).
Therefore we have Φ(M) = card({N + (M) | (N) + (M) = RT }). Thus Φ is the
analogous of the Euler ϕ function.
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In the case of number fields, if Q(ζn) is the cyclotomic field, Q(ζn)/Q is a Galois
extension, with Galois group (Z/nZ)∗. The analogue for function fields is:
Theorem 3.3. If M ∈ RT , then k(ΛM )/k is a Galois extension of degree Φ(M)
and the Galois group is isomorphic to (RT /M)
∗. In particular k(ΛM )/k is an
abelian extension. 
See [10] Chapter 12, for more details.
First we see that as in the classical case, the Carlitz roots of a cyclotomic function
fields behave as the usual roots of unity in a cyclotomic number field.
Proposition 3.4. Let M ∈ RT be non-constant. Consider the extension k(ΛM )/k.
Then µ(k(ΛM )) = ΛM .
Proof. Let µ(k(ΛM )) = ΛN . Since ΛM ⊆ µ(k(ΛM )), if for an irreducible polynomial
P ∈ RT and for α ∈ Z we have Pα | M , then Pα | N . If Pα+1 ∤ M , we can not
have Pα+1 | N since otherwise the ramification index of P in k(ΛM )/k would be
divided by Φ(Pα+1) = [k(ΛPα+1) : k] but the ramification index in k(ΛM )/k is
indeed Φ(Pα). Thus N =M . 
In what follows, unless otherwise specified, we consider extensions L/K such
that k ⊆ K ⊆ L ⊆ k and L/k is finite. Moreover the previous extensions have
a natural RT -module structure using the Carlitz-Hayes action defined above. The
first object associated with the extension L/K is the torsion group of the Carlitz
action, which we denote as in the classical case:
T (L/K) = {u ∈ L | uM ∈ K for some M ∈ RT }.
Note that T (L/K) ⊆ L is a subgroup of the additive group L. On the other
hand T (L/K) is an RT -module and the RT -module T (L/K)/K is an RT -torsion
module. This module is denoted by cog(L/K). We have cog(L/K) is analogous to
the group T (L/K)/K∗ in the case of an extension of number fields L/K and where
T (L/K) denotes the usual torsion group, see [2] p.2.
Definition 3.5. We say that an extension L/K is radical if there is a subset
A ⊆ T (L/K) such that L = K(A). We say that L/K is pure if for every irreducible
monic polynomial M ∈ RT and each u ∈ L such that uM = 0 we have u ∈ K.
Finally, we say that L/K is a radical cyclotomic extension if it is:
(1) radical,
(2) separable and
(3) pure.
The module cog(L/K) = T (L/K)/K will be called the cogalois module of the
extension L/K.
Example 3.6. The extension k(ΛM )/k, where M ∈ RT , is radical since there
exists W = ΛM ⊆ T (k(ΛM)/k) such that k(ΛM ) = k(W ). It is separable, but it is
not pure, since by Proposition 3.4 the Carlitz roots in k(ΛM ) are the elements of
ΛM . If Q is an irreducible factor of M we have λQ ∈ k(ΛM ) but λQ /∈ k. Therefore
k(ΛM )/k is not a radical cyclotomic extension. 
The following example shows the existence of radical cyclotomic extensions.
Example 3.7. Let p be an odd prime, q = p and M = T . Consider the extension
k(ΛM )/k. The degree of the extension is q−1 = p−1. We have seen that k(ΛM )/k
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is not pure, see Example 3.6. Now consider the polynomial F (X) = XT − 1 =
Xp +XT − 1.
We claim that 1 ∈ k(ΛM ) \ k(ΛM )M , since otherwise, there exists u ∈ k(ΛM )
such that uM = 1. Let α be a generator of ΛM . Note that [k(α) : k] = p − 1.
Therefore {1, α, α2, . . . , αp−2} is a basis of k(ΛM ) over k.
Hence, u can be written as u = a0+a1α+· · ·+ap−2αp−2 with a0, a1, . . . , ap−2 ∈ k.
Therefore
uT = aT0 + (a1α)
T + · · ·+ (ap−2αp−2)T
= (ap0 + a0T ) + (a
p
1α
p + a1αT ) + · · ·+ (app−2αp(p−2) + ap−2αp−2T ).
(3.1)
Since αT = αp + αT = 0 we have αp = −αT . Therefore, since uT = 1, from
equation (3.1) we obtain
1 = (ap0 + a0T ) + (a
p
1α
p + a1αT ) + · · ·+ (app−2αp(p−2) + ap−2αp−2T )
= (ap0 + a0T ) + (−ap1αT + a1αT ) + · · ·+ (−app−2αp−2T p−2 + ap−2αp−2T ),
that is,
0 = (ap0 + a0T − 1) + c1α+ c2α2 + · · ·+ cp−2αp−2
where ci = (−1)iapiT i + aiT , i = 1, . . . , p− 2, belongs to k.
Hence we obtain the equation
(3.2) 0 = ap0 + a0T − 1
because {1, α, α2, . . . , αp−2} is a basis of k(ΛM ) over k. In particular a0 6= 0. Let
a0 =
f(T )
g(T ) , with f(T ), g(T ) ∈ RT and (f(T ), g(T )) = 1, so we deduce the equation
fp(T )+ f(T )gp−1(T )T = gp(T ). It follows that f(T ), g(T ) ∈ F∗q and a0 ∈ F∗q which
contradicts (3.2).
Let L be the splitting field of F (X) over k(ΛM ). Then the extension L/k(ΛM) is
separable. From Proposition 2.3 of [9], we have that [L : k(ΛM )] = p
t, where t ≥ 1.
If β is a root of F (X) then L = k(ΛM )(β), so the extension L/k(ΛM ) is radical.
Note that since the minimal polynomial of β divides F (X) = Xp +XT − 1, such
minimal polynomial is F (X). In particular it follows that t = 1.
To show that the extension L/k(ΛM) is radical cyclotomic, it remains to prove
that the extension L/k(ΛM) is pure. For this purpose we consider a monic irre-
ducible polynomial N such that the degree of N is greater than one. Let u ∈ L be
such that uN = 0. We claim that u = 0 since otherwise, from Proposition 12.2.21
of [10], Chapter 12 and since N is an irreducible polynomial, u 6= 0 is a generator
of ΛN . Consider the diagram
L
⑤⑤
⑤⑤
⑤⑤
⑤⑤
❊❊
❊❊
❊❊
❊❊
❊
k(u)
❇❇
❇❇
❇❇
❇❇
k(ΛM )
②②
②②
②②
②②
②
k
Now by Theorem 3.3 we have that [k(u) : k] = Φ(N) = pdeg(N)− 1 ≥ p(p− 1) =
[L : k], but this contradicts that [k(u) : k] | [L : k]. Therefore u = 0 ∈ k(ΛM ). This
shows property (3) of Definition 3.5, for polynomials of degree higher than 1.
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It remains to show property (3) of Definition 3.5, for polynomials of degree 1.
For this purpose, consider the polynomials T, T + 1, . . . , T + (p− 1). It suffices to
consider, for example, N = T+1. Let u ∈ L be such that uT+1 = 0 and suppose that
u /∈ k(ΛM ), in particular u 6= 0. Therefore we have irr(u, k(ΛM )) | (Xp−1+ T +1).
This is a contradiction to our assumption that deg(irr(u, k(ΛM ))) = p. Therefore
u ∈ k(ΛM ). 
For the next example we need the following proposition.
Proposition 3.8. Let q > 2, P ∈ RT be a monic irreducible polynomial and n ∈ N.
Then the extension k(ΛPn)/k(ΛP ) is pure.
Proof. If λQ ∈ k(λPn), then Q is ramified in k(λPn)/k which implies that Q = P ,
by Proposition 12.3.14 Chapter 12 of [10]. Therefore k(λPn)/k(λP ) is pure. 
Example 3.9. The extension k(ΛPn)/k(ΛP ) is cyclotomic radical since it obviously
is radical and separable and it is pure by Lemma 3.8. 
4. Some properties of radical extensions
The radical extensions L/K, in the sense given in this work, have properties
similar to radical extensions considered in [4] and [1]. If G is a torsion module we
will write
OG = {order(g) | g ∈ G}.
Definition 4.1. A module G is said to be bounded if G is a torsion module and
the degrees of the elements of OG ⊆ RT form a bounded set, or equivalently, if OG
is a finite set.
Let A be a torsion RT -module. Suppose that A is a bounded RT -module, in the
sense of Definition 4.1. The least common multiple of the elements of OA, will be
called the RT -exponent of A or, if the context is clear, the exponent of A, and it is
denoted by exp(A).
Now, let E/F be a radical extension, not necessarily finite. There exists A ⊆
T (E/F ) such that E = F (A). We may replace A by the submodule of E generated
by A and F , which will also be denoted by A.
Now, A/F is a torsion RT -module, thus it makes sense to consider OA/F . We
say that an RT -torsion extension E/F is a bounded extension if A/F is a bounded
RT -module. In this case, if N = exp(A/F ), we say that E/F is an N bounded
extension.
In this context we have the following proposition.
Proposition 4.2. Let E/F be a bounded radical extension, not necessarily finite
and let N = exp(A/F ). Then E/F is a Galois extension if and only if λM ∈ E for
each M ∈ OA/F .
Proof. Let α ∈ E of order M ∈ RT . Thus we have αM = a ∈ F . We consider the
polynomial f(X) = XM − a = ∏N1(X − (α + λN1M )) ∈ F [X ]. The conjugates of α
are
{α+ ξ1, . . . , α+ ξs}
for some elements ξi ∈ ΛM .
Suppose that E/F is Galois. Let B be the RT -module generated by {ξ1, . . . , ξs}.
Then B ⊆ E and there exists M ′ ∈ RT , dividing M , such that B = ΛM ′ . If
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M ′ 6= M , we have αM ′ = a′ ∈ F which is a contradiction. Therefore M ′ =M and
λM ∈ E.
Now suppose that λM ∈ E for each M ∈ OA/F . Let u ∈ A and M = order(u).
Since every conjugate of u over F is of the form u + λN1M ∈ E, it follows that
the extension E/F is normal and since u is separable over F , E/F is a Galois
extension. 
It is possible to find in some radical extensions L/K explicitly a primitive element
belonging to L, as shown in the following proposition.
Proposition 4.3. Let L/K be an extension such that L = K(α, β) and such that
there exist M,N ∈ RT with αM = a, βN = b, a, b ∈ K, M and N relatively prime.
Then L = K(α+ β), that is, α+ β is a primitive element.
Proof. Since α + β ∈ K(α, β) it follows that K(α + β) ⊆ K(α, β). On the other
hand (α + β)M = αM + βM = a + βM ∈ K(α + β) and (α + β)N = αN + βN =
αN + b ∈ K(α+ β). Therefore we have βM , αN ∈ K(α+ β).
Since there exist S1, S2 ∈ RT such that 1 =MS1 +NS2, we have
α = α1 = αMS1+NS2 = aS1 + (αN )S2 ∈ K(α+ β)
and
β = β1 = βMS1+NS2 = (βM )S1 + bS2 ∈ K(α+ β).
ThereforeK(α, β) = K(α+β). Further, (α+β)MN = (αM )N+(βN )M ∈ K. 
Note that the above argument can be generalized to extensions L/K, with L =
K(α1, . . . , αs) so that there is Mi ∈ RT with αMii = ai ∈ K and the polynomials
Mi are pairwise relatively prime.
5. Some properties of radical cyclotomic extensions
Radical cyclotomic extensions have some properties analogous to the properties
of classic cogalois extensions. We first need a lemma.
Lemma 5.1. Let K ⊆ L ⊆ L′ be a tower of fields. Then L′/K is pure if and only
if L′/L and L/K are pure.
Proof. Suppose that L′/K is pure, let λP ∈ L′ and P ∈ RT , monic and irreducible,
such that λPP = 0. Then λP ∈ K ⊆ L, since L′/K is pure. Therefore L′/L is pure.
Similarly it is shown that L/K is pure.
Now suppose that L′/L and L/K are pure. Let λP ∈ L′ and P ∈ RT be a monic
and irreducible polynomial such that λPP = 0. Since L
′/L is pure, we have λP ∈ L
and since L/K is pure, it follows that λP ∈ K. 
Proposition 5.2. Let K ⊆ L ⊆ L′ be a tower of fields.
(1) The following is an exact sequence of RT -modules
0→ cog(L/K)→ cog(L′/K)→ cog(L′/L).
(2) If L′/K is a radical cyclotomic extension, then the extension L′/L is radical
cyclotomic.
(3) If the extension L′/K is radical, and the extensions L′/L and L/K are
radical cyclotomic, then L′/K is radical cyclotomic.
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Proof. (1) The canonical homomorphism
cog(L′/K)→ cog(L′/L), x+K 7→ x+ L
is an RT -homomorphism with kernel cog(L/K). This proves that the sequence of
RT -modules
0→ cog(L/K)→ cog(L′/K)→ cog(L′/L)
is exact.
(2) Since L′/K is separable, we have L′/L is separable and, by Lemma 5.1, L′/L
is pure. Finally, since T (L′/K) ⊆ T (L′/L), we have that L′/L is radical.
(3) Since L′/L and L/K are radical cyclotomic extensions, we have that both
are separable and pure. Therefore, by Lemma 5.1, the extension L′/K is pure and
separable. Thus L′/K is a radical cyclotomic extension. 
We will see that the RT -module cog(L/K) is finite for some extensions L/K. To
begin with, consider L/K a Galois extension of function fields, with Galois group
G = Gal(L/K). Note that µ(L) is a G-module, with the following action: given
σ ∈ G and u ∈ µ(L) let σ ·u = σ(u). Since the Carlitz-Hayes action commutes with
σ, σ · u is well defined.
Definition 5.3. A function f : G→ µ(L) is said to be a crossed homomorphism of
G with coefficients in µ(L) if for every σ, τ ∈ G we have f(σ ◦ τ) = f(σ) + σ · f(τ).
The set of crossed homomorphisms is denoted by
Z1(G,µ(L)).
and B1(G,µ(L)) denote the subset of Z1(G,µ(L)), given by {χ ∈ Z1(G,µ(L)) |
there exists u ∈ µ(L) such that χ = fu}, where fu is the function defined by
(5.1) fu(σ) = σ(u)− u for each σ ∈ G.
Theorem 5.4. Let L/K be a finite Galois extension, with Galois group G. Con-
sider the function φ : cog(L/K) → Z1(G,µ(L)), given by φ(u + K) = fu where
fu(σ) = σ(u)− u. Then φ is an isomorphism of groups.
Proof. Let θ : T (L/K) → Z1(G,µ(L)) be given by θ(u) = fu. Observe that
fu(σ ◦ τ) = σ(τ(u)) − u. Further fu(σ) = σ(u) − u and fu(τ) = τ(u) − u. If we
apply σ to this last equality we obtain σ(fu(τ)) = σ(τ(u))− σ(u). The sum of this
equation with the first one gives that fu is a crossed homomorphism. We also note
that if σ ∈ G then fu(σ) = σ(u) − u belongs to µ(L), since there is an N ∈ RT
such that uN ∈ K. Therefore (σ(u) − u)N = (σ(u))N − uN = σ(uN )− uN = 0.
Furthermore, θ(u+ v) = fu+v and fu+v(σ) = σ(u+ v)− (u+ v) = σ(u)+ σ(v)−
u − v = σ(u) − u + σ(v) − v, that is, θ(u + v) = θ(u) + θ(v). Therefore θ is a
homomorphism. If u ∈ ker(θ), then θ(u) = fu = 0. That is, fu(σ) = σ(u) − u = 0
and since L/K is a Galois extension, it follows that u ∈ K.
Conversely, if u ∈ K we have θ(u) = 0. Thus ker(θ) = K and therefore we
obtain a monomorphism of abelian groups
φ : cog(L/K)→ Z1(G,µ(L)).
On the other hand, Z1(G,µ(L)) ⊆ Z1(G,L) and from the additive Hilbert The-
orem 90, it follows that
Z1(G,L) = B1(G,L) = {f ∈ Z1(G,L) | there exists u ∈ L such that f = fu}.
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Hence, given f ∈ Z1(G,µ(L)) there exists u ∈ L such that f = fu. Therefore
for each σ ∈ G, f(σ) = fu(σ) = σ(u) − u ∈ µ(L). Let K ′ be the Galois closure of
K(u)/K. Then K ⊆ K(u) ⊆ K ′ ⊆ L.
Let H = Gal(L/K ′). We have that H ⊳ G and that card(G/H) is finite. The
conjugates of u in K ′ are {σ(u) | σ ∈ G = G/H}, thus
σ(u) = σ(u) = u+ zσ where zσ ∈ µ(L).
Since there is only a finite number of elements σ ∈ G = {σ1H, . . . , σsH} there
exist Nσ1 , . . . , Nσs ∈ RT such that (zσi)Nσi = 0. Let N = Nσ1 · · ·Nσs . Then
σ(uN) = (u + zσ)
N = uN + zNσ = u
N + (zNσσ )
Pσ = uN .
Since the extension K ′/K is Galois we have that uN ∈ K, that is, φ is surjective.

From Theorem 5.4 we obtain
Proposition 5.5. Let E/F be a finite Galois extension, Γ = Gal(E/F ) and let ∆
be a normal subgroup of Γ. Then the sequence of abelian groups
0→ Z1(Γ/∆, µ(E/F )∆) θ1→ Z1(Γ, µ(E/F )) θ2→ Z1(∆, µ(E/F ))
is exact, where µ(E/F )∆ = {ζ ∈ µ(E/F ) | σ(ζ) = ζ, ∀σ ∈ ∆}.
Proof. Suppose that θ1(f) = 0. Then if σ ∈ Γ/∆, we have f(σ) = θ1(f)(σ) = 0.
Thus θ1 is injective. On the other hand, im(θ1) ⊆ ker(θ2) since if f = θ1(f ′), with
f ′ ∈ Z1(Γ/∆, µ(E/F )∆), we have θ2(f)(σ) = θ1(f ′)(σ) = f ′(σ) = 0.
Now if f ∈ ker(θ2) then for each σ ∈ ∆, we have f(σ) = 0. We may define
f ′ : Γ/∆→ µ(E/F ) by f ′(σ) = f(σ). By the properties of f , f ′ is well defined and
it is a crossed homomorphism. Finally, if τ ∈ ∆ then τ(f ′(σ)) = τ(f(τ−1 ◦ σ)) =
τ(f(σ)) = f ′(σ), that is, f ′ ∈ Z1(Γ/∆, µ(E/F )∆) and f = θ1(f ′). 
Corollary 5.6. Let L/K be a finite Galois extension. If the cardinality of µ(L) is
finite then the RT -module cog(L/K) is finite.
Proof. It follows from Theorem 5.4. 
6. Some structure results of radical cyclotomic extensions
Proposition 6.1. Let L/K be a field extension such that [L : K] = ℓ with ℓ a
prime different from p = char(k). Then L/K is not a radical cyclotomic extension.
Proof. Suppose that L/K is radical cyclotomic. Then cog(L/K) is non-trivial, since
there is a subset A ⊆ T (L/K) such that L = K(A). Let α ∈ cog(L/K) be different
from 0, that is, α /∈ K. Let M ∈ RT be such that αM ∈ K. We may assume that
M is a monic polynomial and that it is the minimum degree polynomial with such
property, that is the order of α is M . Replacing α if necessary, we may assume
that M = Q is irreducible and αQ = a ∈ K.
Let f(X) = irr(α,K) ∈ K[X ]. Since αQ = a, we have f(X) | XQ−a. Therefore
f(X) =
∏
(X−(α+λBQ)), for some polynomials B ∈ RT . Observe that deg(f(X)) =
ℓ, since L = K(α), and that
∑
(α + λBQ) = ℓα + λ
∑
B
Q ∈ K. On the other hand,
since ℓ 6= p we have ℓ 6= 0 in K. Therefore we have that D = ∑B is non-zero,
since otherwise α ∈ K and the degree of D is less than the degree of Q.
We have λDQ /∈ K. Since λDQ ∈ L, by purity, λDQ ∈ K, which is a contradiction.
Therefore L/K is not a radical cyclotomic extension. 
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Corollary 6.2. Let L/K be a finite Galois extension such that [L : K] = psn,
with p ∤ n and n > 1, where p = char(K). Then L/K is not a radical cyclotomic
extension.
Proof. From Cauchy’s theorem, the group G = Gal(L/K) contains an element of
order ℓ, say g, where ℓ is a prime that divides n. Consider the subgroup H = (g)
of G. If L/K were a radical cyclotomic extension then, by Proposition 5.2, the
extension L/L′, where L′ = LH , would be a radical cyclotomic extension. Since
[L : L′] = ℓ by Proposition 6.1 such extension is not a radical cyclotomic extension.
Therefore L/K is not a radical cyclotomic extension. 
Corollary 6.3. If L/K is a finite Galois radical cyclotomic extension, then [L :
K] = ps with p = char(K), for some s ∈ N. 
Lemma 6.4. Let L/K be an extension such that [L : K] = ps with s ∈ N and
p = char(K). Then L/K is pure.
Proof. Assume that L/K is not pure. Thus there exists a = λP ∈ L with P ∈ RT
an irreducible polynomial such that aP = 0 and a /∈ K. Consider the following
diagram
L
k(λP ) k(λP )K = K(λP )
k K
Let K˜ = K ∩ k(λP ). Then by Galois Theory we have that K(λP )/K is a Galois
extension with Galois group G isomorphic to Gal(k(λP )/K˜). Thus
| G || [L : K] = ps and on the other hand | G || (qd − 1)
where d = deg(P ). Therefore | G |= 1, that is, λP ∈ K. 
Example 6.5. A Carlitz-Kummer extension, see [9], is an extension L/K such
that
(1) K is a finite extension of k(ΛM ) for some M ∈ RT .
(2) L is the splitting field of the polynomial f(u) = uM−z ∈ K[u] overK, where
z ∈ K \KM .
From Proposition 2.3 (4) of [9], it follows that [L : K] = pt, where p = char(K).
Now Lemma 6.4 shows that Carlitz-Kummer extensions are radical cyclotomic ex-
tensions. 
Furthermore, from the above results, we obtain
Theorem 6.6. A finite Galois extension, L/K is radical cyclotomic if and only if
it is radical, separable and [L : K] = ps with s ∈ N and p = char(K). 
We have the following theorem.
Theorem 6.7. If L/K is a finite radical cyclotomic extension, then [L : K] = pn
for some n ≥ 0, where p = char(K).
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Proof. Let L/K be a finite radical cyclotomic extension, L = K(α1, . . . , αt) for
some αi ∈ T (L/K). Then we have
[L : K] = [L : K(α1, . . . , αt−1)] · · · [K(α1, α2) : K(α1)][K(α1) : K].
Since each extension K(α1, . . . , αi)/K(α1, . . . , αi−1) is finite radical cyclotomic, it
suffices to handle the case L = K(α).
Suppose that L = K(α) with αM ∈ K for some M ∈ RT . Consider the fac-
torization of M in terms of irreducible polynomials M = P e11 P
e2
2 · · ·P ess . Let
βi := α
M/P ei for 1 ≤ i ≤ s. Then L = K(β1, . . . , βs). Applying the same ar-
gument as before, it suffices to deal with the case L = K(α) with αP
e ∈ K for
some irreducible polynomial P ∈ RT .
Let L = K(α) such that αP
e ∈ K for some irreducible polynomial P ∈ RT . Let
γi := α
P e−i for 1 ≤ i ≤ e, then K(γ1) ⊆ K(γ2) ⊆ · · · ⊆ K(γe) = L. So we have
[L : K] = [L : K(γe−1)] · · · [K(γ2) : K(γ1)][K(γ1) : K].
Since each extension K(γi)/K(γi−1) is finite radical cyclotomic and γ
P
i = γi−1, it
suffices to consider the case L = K(α) with αP ∈ K for some irreducible polynomial
P ∈ RT .
Suppose that λP ∈ L. Then L/K is a Galois extension, since L is the splitting
field of the polynomial XP − αP ∈ K[X ] over K. From Corollary 6.3, we know
that L/K is a p-extension.
Now suppose that λP /∈ L. We consider the diagram
L = K(α)
a
L(λP ) = K(λP , α)
K
d
K(α) ∩K(λP ) a
b
K(λP )
b
k K ∩ k(λP ) d
c
K(α) ∩ k(λP ) a
c
k(λP )
c
Since K(λP , α)/K(λP ) is a Galois extension, from Propositions 2.2 and 2.3 of
[9], we have N = Gal(L(λP )/K(λP )) can be considered a subgroup of ΛP , that is,
N is an elementary abelian p-group and | N |= b = pn.
Since
[L : K] = [L : K(α) ∩K(λP )][K(α) ∩K(λP ) : K] = bd = pnd
it suffices to show that d = 1.
Let H = Gal(L(λP )/(K(α) ∩ K(λP ))), G = Gal(L(λP )/K) and recall N =
Gal(L(λP )/K(λP )). Note that N is a normal subgroup of G.
We have
G/N ∼= Gal(K(λP )/K) < Gal(k(λP )/k) ∼= Cqd−1.
Therefore G/N is a cyclic group of order dividing qd − 1 and relatively prime to
p. Furthermore, we have | G/N |= ad.
From Hall’s Theorem, see [5] Theorem 9.3.1, since G is a solvable group, there
exists a cyclic subgroup R of G, of order ad, such that G = NR (in fact, G is the
semidirect product G ∼= N ⋊R because (| R |, | N |) = 1).
Again from Hall’s Theorem, any subgroup of order a divisor of | R |= ad is
contained in a conjugate R′ of R and we have G = NR′ ∼= N ⋊R′.
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Let S = Gal(L(λP )/K(α)) ∼= Ca. Therefore we may assume S ⊆ R and | R/S |=
d. Note that (d, p) = 1.
Let E = L(λP )
R. Observe that L(λP )
S = K(α) = L. Therefore K ⊆ E ⊆ L,
[L : E] = [R : S] = d =| R/S |. Also, since L/K is a radical cyclotomic extension
so it is L/E. Therefore d = 1. 
Corollary 6.8. With the notations of Theorem 6.7 we have K(α) ∩K(λP ) = K
and [L : K] = [L(λP ) : K(λP )]. Furthermore
Irr(u, α,K) = Irr(u, α,K(λP )) = F1(u) =
∏
(u − (α+ λAP )).
Proof. It follows from the proof of Theorem 6.7. 
Corollary 6.9. A finite extension L/K is radical cyclotomic if and only if it is
separable, radical and [L : K] = pm for some m ∈ N.
Proof. It follows from Theorem 6.7 and Lemma 6.4. 
7. Examples and applications
In this section we will present some applications of the above results. First, we
have the following consequence of Theorem 5.4.
Proposition 7.1. If E/L is a finite Galois field extension, with Galois group Γ,
then the function:
φ : {H | L ≤ H ≤ T (E/L)} → {U | U ≤ Z1(Γ, µ(E))},
given by φ(H) = {fα ∈ Z1(Γ, µ(E)) | α ∈ H}, is a lattice isomorphism.
Proof. It follows from the isomorphism given in Theorem 5.4. 
Now, let E/L be a Galois extension with Galois group Γ. We define
f : Gal(E/L)× cog(E/L)→ µ(E)
by f(σ, u) = σ(u)− u. Since cog(E/L)→ Z1(Γ, µ(E)) is an isomorphism, we have
the evaluation function
<,>: Γ× Z1(Γ, µ(E))→ µ(E)
given by < σ, h >= h(σ).
For each ∆ ≤ Γ, U ≤ Z1(Γ, µ(E)) and each χ ∈ Z1(Γ, µ(E)) we define:
∆⊥ = {h ∈ Z1(Γ, µ(E)) |< σ, h >= 0 for every σ ∈ ∆},
U⊥ = {σ ∈ Γ |< σ, h >= 0 for every h ∈ U},
χ⊥ = {σ ∈ Γ |< σ, χ >= 0}.
Thus ∆⊥ ≤ Z1(Γ, µ(E)) and U⊥ ≤ Γ.
Proposition 7.2. Let E/L be a finite Galois extension with Galois group Γ. Let
L′/L be a subextension of E/L. Then L′/L is radical if and only if there exists a
subgroup U ≤ Z1(Γ, µ(E)) such that Gal(E/L′) = U⊥.
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Proof. If L′/L is a radical extension there exists G˜ ⊆ T (E/L) such that L′ = L(G˜).
We may replace G˜ by the additive subgroup generated by G˜ and L which we denote
by G. Thus L ≤ G ≤ T (E/L) and L′ = L(G). Let
U = φ(G) = {fα | α ∈ G} ≤ Z1(Γ, µ(E))
where φ is the function given in Proposition 7.1. Then
U⊥ = {σ ∈ Γ |< σ, fα >= 0 for each fα ∈ U}
= {σ ∈ Γ | fα(σ) = 0 for each fα ∈ U}
= {σ ∈ Γ | σ(α) = α for each fα ∈ U}
= {σ ∈ Γ | σ(x) = x for each x ∈ L(G)}
= Gal(E/L(G))) = Gal(E/L′).
Conversely, if there exists a subgroup U ≤ Z1(Γ, µ(E)) such that Gal(E/L′) =
U⊥ then we will see that Gal(E/L′) = U⊥ = Gal(E/L(G))), with G = {α ∈
T (E/L) | fα ∈ U} = φ−1(U) where φ is the function of Proposition 7.1.
To prove the above equalities we only have to show that U⊥ = Gal(E/L(G)).
For this purpose we consider τ ∈ U⊥ = {σ ∈ Γ | h(σ) = 0 ∀h ∈ U}. If α ∈ G
then fα ∈ U . In particular, fα(τ) = 0 = τ(α) − α. Therefore for each α ∈ G,
we obtain τ(α) = α and thus τ fixes L(G). Thus τ ∈ Gal(E/L(G)). Now let
τ ∈ Gal(E/L(G)) and h ∈ U . By the definition of G there exists α ∈ G such that
h = fα. Therefore φ is bijective. It follows that h(τ) = fα(τ) = 0. Hence τ ∈ U⊥.
From Galois theory, it follows that L′ = L(G). 
The following result is an application of Proposition 7.2, see [3]. The symbol
N
√
α denotes a root of the polynomial uN − α.
Proposition 7.3. Let K/F be a finite separable extension and let E be the normal
closure of K/F . Suppose that there is a finite extension L/F such that
(1) E(λN ) ∩ L = F where N ∈ RT is a nonconstant polynomial.
(2) KL = L( N
√
α) for some nonzero α ∈ L.
Then K = F ( N
√
α).
Proof. Consider the following diagram
E(λN ) E(λN )L
K KL
F L
Since the extension E(λN )/F is a Galois extension, we have that E(λN )L/L is
a Galois extension and from (1) we obtain
G = Gal(E(λN )/F ) ∼= Gal(E(λN )L/L) = G1.
From (2) we have KL = L( N
√
α). Let β = N
√
α and σ ∈ Gal(E(λN )L/L). Then
(7.1) (σ(β) − β)N = σ(βN )− βN = σ(α) − α = 0.
We define χ : G1 → µ(E(λN )L) by χ(σ) = σ(β)− β.
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If σ ∈ Gal(E(λN )L/KL) we have χ(σ) = σ(β) − β = 0 and vice versa. Thus
Gal(E(λN )L/KL) = ker(χ). Further, from (7.1) we have that the image of χ is
contained in ΛN . Since G and G1 are isomorphic, χ can be defined on G.
Therefore χ can be considered as an element of Z1(G,E(λN )) and ker(χ) as
equal to Gal(E(λN )/K). From Proposition 7.2 K/F is a radical extension. 
Let E/F be a finite Galois extension with Galois group G. Let L/F be another
extension such that L ∩ E = F . Consider the composition EL. The restriction
Gal(EL/L)→ Gal(E/F ), σ 7→ σ |E
is an isomorphism of groups. Denote by S(L1/L2) the set of extensions of L2
contained in L1. Then the functions
ε : S(E/F )→ S(EL/L), K ′/F 7→ LK ′/L
and
λ : S(EL/L)→ S(E/F ), K1/L 7→ (K1 ∩ E)/F
are lattice isomorphisms, inverses of each other.
Denote by ST (E/F ) the set of all radical sub-extensions K ′/F of E/F . Then for
K ′/F ∈ ST (E/F ) there exists an RT -module G, which is not necessarily unique,
such that F ⊆ G ⊆ T (E/F ) and K ′ = F (G). Let G1 = G+L. Since LK ′ = L(G),
L ⊆ G1 ⊆ T (EL/L) and G1 is an RT -module, we have LK ′ = L(G1). Therefore
ε(K ′/L) ∈ ST (EL/L). Thus the restriction of ε to radical extensions defines an
injective function
ρ : ST (E/F )→ ST (EL/L)
given by
F (G)/F 7→ F (G)L/L = L(G+ L)/L
where G is an RT -module such that F ⊆ G ⊆ T (E/F ).
Proposition 7.4. Let E/F be a finite Galois extension with Galois group Γ, and
let L/F be an arbitrary extension, with L ⊆ k and such that E ∩ L = F . If
µ(EL) = µ(E), then:
(1): (G+ L) ∩ E = G for every RT -module G with F ⊆ G ⊆ T (E/F )
(2): G1 = (G1 ∩ E) + L for every RT -module G1 with L ⊆ G1 ⊆ T (EL/L).
(3): The function
ρ : ST (E/F )→ ST (EL/L)
F (G)/F 7→ L(G+ L)/L, F ≤ G ≤ T (E/F )
is bijective, and the function
ST (EL/L)→ ST (E/F ),
L(G1)/L 7→ F (G1 ∩ E)/F, L ≤ G1 ≤ T (EL/L)
is the inverse of ρ.
Here, the notation F ≤ G means that F is a submodule of the RT -module G.
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Proof. (1) Let w ∈ (G+L)∩E. Thus w = x+y where x ∈ G and y ∈ L. Therefore
y = w − x ∈ E. Hence y ∈ F since E ∩ L = F . Therefore w ∈ G. Conversely if
x ∈ G certainly x ∈ (G+ L) ∩E.
(2)Denote by Γ1 the Galois group of EL/L. We have seen that there exists a
group isomorphism
(7.2) θ : Γ1 → Γ, σ1 → σ1|E .
Since µ(EL) = µ(E), θ induces a group isomorphism
υ : Z1(Γ, µ(E))→ Z1(Γ1, µ(EL))
given as follows: let h ∈ Z1(Γ, µ(E)). If σ1 ∈ Γ1 then σ1|E∈ Γ. Define υ(h)(σ1) :=
h(σ1 |E). We have
υ(h)(σ1 ◦ σ2) = h(σ1 ◦ σ2 |E) = h(σ1 |E ◦σ2 |E).
Thus υ(h) is a crossed homomorphism. By construction υ is a group homomor-
phism, and by (7.2) we have υ is a group isomorphism.
Let G1 be such that L ≤ G1 ≤ T (EL/L). If w ∈ (G1 ∩ E) + L then w =
x + y with x ∈ (G1 ∩ E) and y ∈ L. Thus w ∈ G1. Now let a1 ∈ G1. Then
fa1 ∈ Z1(Γ1, µ(EL)). There exists f ∈ Z1(Γ, µ(E)) such that fa1 = υ(f). From
Proposition 5.4, we have that there exists a ∈ T (E/F ) such that fa1 = υ(f = fa).
We have fa1(σ1) = fa(σ1 |E) for all σ1 ∈ Γ1. It follows that σ1(a1) − a1 =
σ1(a)−a, that is, σ1(a1−a) = a1−a for each σ1 ∈ Γ1. Thus a1−a ∈ L. Therefore
a1 = a+ b where b ∈ L. Since a ∈ G1 it follows that a ∈ (G1 ∩ E) + L.
(3) From the remark before this proposition we have that ρ is injective, so it
suffices to show that ρ is surjective. Let K1/L ∈ ST (EL/L). Then K1 = L(G1)
for some G1 with L ≤ G1 ≤ T (EL/L). Therefore if we put G = G1 ∩E, we obtain
that F (G)/F ∈ ST (E/F ) and that
ρ(F (G)/F ) = L(F (G))/L = L(F (G1 ∩ E))/L = L(L+ (G1 ∩ E))/L.
From (2), we have L(L+ (G1 ∩ E)) = L(G1) = K1. 
The following lemma shows that the converse of Theorem 6.7 is not always valid.
Lemma 7.5. Let L/K be a Galois extension such that [L : K] = p2, µ(L) = µ(K)
and G = Gal(L/K) ∼= Cp2 . Then L/K is not a radical extension.
Proof. Suppose that L/K is a radical extension. Consider the group H1(G,µ(L)).
Since µ(L) = µ(K) we have B1(G,µ(L)) = {1}. Therefore, H1(G,µ(L)) =
Z1(G,µ(L))/B1(G,µ(L)) ∼= Hom(G,µ(L)). From Proposition 5.4, we obtain that
cog(L/K) ∼= Hom(G,µ(K)).
By Cauchy’s theorem, there is an element of order p, say τ , in G. Let H = (τ) and
L′ = LH . L′/K is a Galois extension and G′ = Gal(L′/K) is isomorphic to Cp.
Note that µ(L′) = µ(K). Thus
cog(L′/K) ∼= Hom(G′, µ(K)).
We will see that the cardinality of cog(L/K) ∼= Hom(G,µ(K)) is |µ(K) |. Let
a ∈ G ∼= Cp2 be a generator. A homomorphism ψ : G → µ(K) is completely
determined by its action on a. Hence there exists |µ(K)| homomorphisms from G
to µ(K). Similarly we can show that the cardinality of cog(L′/K) ∼= Hom(G′, µ(K))
is |µ(K)|.
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On the other hand we have cog(L′/K) ⊆ cog(L/K), see Proposition 5.2, and
since both have the same order, we have cog(L′/K) = cog(L/K). It follows that
L = L′ since if α1, . . . , αs generate L over K, then α1, . . . , αs ∈ L′. Therefore
p2 = [L : K] = [L′ : K] = p which is a contradiction. 
The following example shows that the property of being radical extension is not
hereditary.
Example 7.6. Let M = Pn, n ∈ N with P ∈ RT irreducible. Consider the field
extension k(ΛM )/k(ΛP ). Let t ∈ N be such that pt−1 < n ≤ pt and n0 the integer
part of npt−1 .
From Corollary 1 of [8], it follows that
HM ∼= (Z/ptZ)α × Z/pn1Z× · · · × Z/pnsZ
with t > n1 ≥ · · · ≥ ns ≥ 0. Here HM is Galois group of the field extension
k(ΛM )/k(ΛP ).
Let n = 5 and p = 3. Then pt−1 < n ≤ pt holds for t = 2 and we have n0 = 1.
The value of α is given in Corollary 1 of [8].
Choose H a subgroup of HM of the form
H = (Z/ptZ)α−1 × Z/pn1Z× · · · × Z/pnsZ.
Let L′ = LH . Therefore Gal(L′/k(ΛP )) ∼= Cp2 . We have µ(k(ΛP )) = µ(L′) for
suitable q = pν .
From Lemma 7.5 we have that L′/k(ΛP ) is not a radical extension. Therefore
k(ΛP 5)/k(ΛP ) is a Galois radical cyclotomic extension, that does not satisfy the
property that if L is a field such that k(ΛP ) ⊆ L ⊆ k(ΛP 5), then L/k(ΛP ) is a
radical extension. 
Example 7.7. Let q = p ≥ 3. Consider the extension L/k(ΛT ), where L is the
splitting field of the polynomial f(X) = XT − 1, with coefficients in k(ΛT ). The
degree of this extension is [L : k(ΛT )] = p, see Example 3.7. We study the structure
of cog(L/k(ΛT )).
Suppose that β ∈ cog(L/k(ΛT )) has order Qr, with Q monic irreducible poly-
nomial, r ≥ 1 and Q 6= T . Since λQ = λQ
r−1
Qr ∈ L and since L/k(ΛT ) is a pure
extension it follows that λQ ∈ k(ΛT ). From Proposition 3.4 we obtain that Q = T
which is a contradiction. Therefore
cog(L/k(ΛT )) ∼= cog(L/k(ΛT ))T
where cog(L/k(ΛT ))T is the set of elements of cog(L/k(ΛT )) whose order is a power
of T .
Next we compute the cardinality of cog(L/k(ΛT )). Here we need an auxiliary
result.
Let z ∈ k, z 6= 0, and N ∈ RT be a nonconstant polynomial. Consider g(X) =
XN −z ∈ k(ΛN )[X ]. The splitting field of g(X) over k is of the form K = k(α, λN )
where α is an arbitrary root of g(X) and λN is a generator of ΛN . Since the
polynomial g(X) is separable, K/k is a Galois extension.
LetG = Gal(K/k). Given σ ∈ G we have that σ(α) = α+λMσN and σ(λN ) = λNσN ,
whereMσ and Nσ are determined up to a multiple of N , and Nσ is relatively prime
to N .
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Let G(N) be the subgroup of GL2(RT /(N)) of all matrices of the form(
1 0
B A
)
,
whereB ∈ RT /(N) andA ∈ (RT /(N))∗. We have that card(G(N)) = qdeg(N)Φ(N).
Let θ : G→ G(N) be defined as follows:
θ(σ) =
(
1 0
Mσ Nσ
)
.
We have the following lemma.
Lemma 7.8. Let K/k and θ be as above. Then θ is a group monomorphism. On
the other hand, if N = P , where P is a monic irreducible polynomial and z ∈ RT
is as before and the equation g(X) = 0 has no solutions in RT , then θ is a group
isomorphism.
Proof. Let σ, τ ∈ G. Then σ(τ(α)) = σ(α + λMτ ) = α + λMσ + λMτNσ and
σ(τ(λ)) = σ(λNτ ) = λNσNτ . Then
θ(σ · τ) =
(
1 0
Mσ +MτNσ NσNτ
)
=
(
1 0
Mσ Nσ
)(
1 0
Mτ Nτ
)
= θ(σ)θ(τ)
Therefore θ is a group homomorphism. If θ(σ) is the identity matrix we have that
Mσ is a multiple of N and that Nσ = 1 +NQ. Thus θ is a group monomorphism.
When N = P , where P is a monic irreducible polynomial, z ∈ RT is as before
and the equation g(X) = 0 has no solutions in RT , then by Theorem 1.7 (4) of [7],
we have that Gal(K/k(λP )) is of order q
deg(P ). Hence θ is an isomorphism. 
Coming back to the example, it will be shown that µ(L) = ΛT . To begin with,
certainly ΛT = µ(k(ΛT )) ⊆ µ(L). On the other hand let u ∈ µ(L) be nonzero.
There exists N ∈ RT such that uN = 0. Therefore u is of the form λMN . We may
assume that (M,N) = 1. Thus, from Proposition 12.2.21 of [10], we obtain that
λN ∈ L. Let N = Pα11 · · ·Pαss . Then λPi = λP
α1
1 ···P
αi−1
i
···Pαss
N ∈ L. Since L/k(ΛT )
is pure it follows that λPi ∈ k(ΛT ). Thus Pi = T . Therefore N = T n with n ∈ N.
Suppose that n ≥ 2 and consider the diagram
L
⑤⑤
⑤⑤
⑤⑤
⑤⑤
❊❊
❊❊
❊❊
❊❊
k(u)
❇❇
❇❇
❇❇
❇❇
k(ΛT )
②②
②②
②②
②②
②
k
We have [L : k(u)]Φ(T n) = p(p − 1). Since Φ(T n) = pn−1(p − 1), it follows
that [L : k(u)]pn−1 = p. If n ≥ 3 then n − 2 ≥ 1. Thus [L : k(u)]pn−2 = 1
which is a contradiction. It only remains to consider the case n = 2, so that
L = k(u). From Lema 7.8 we have that Gal(L/k) is not an abelian group, contrary
to the fact that the group Gal(k(ΛT 2)/k) is an abelian group. Therefore n = 1 and
u = λMT ∈ k(ΛT ).
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From Lemma 8.3 we have that B1(G,µ(L)) = {0}. Then H1(G,µ(L)) =
Z1(G,µ(L))/B1(G,µ(L)) ∼= Hom(G,µ(L)). Thus, using the proof of Lemma 7.5,
we obtain | cog(L/k(ΛT )) |= [L : k(ΛT )] = p. 
Example 7.9. Consider the extension k(ΛPn)/k(ΛP ). We compute the order of
cog(k(ΛPn)/k(ΛP )) in the following case: P = T , q = p > 2 and n = 2. Let HT 2 =
{N ∈ RT /(T 2) | (N, T 2) = 1 and N ≡ 1 mod T }, then card(HT 2) = qd(n−1) = p,
with d = deg(P (T )) = 1. In particular HT 2 is a cyclic group. We have
H1(HT 2 ,ΛT 2) ∼= ker(NHT2 )/DΛT 2 ,
where we define NH
T2
: ΛT 2 → ΛT 2 and D : ΛT 2 → ΛT 2 by
NH
T2
(x) = x+ σ · x+ · · ·+ σp−1 · x,
D(x) = σ · x− x,
where σ = 1 + T + (T 2) is a generator of HT 2 and x ∈ ΛT 2 . On the other hand if
x = λMT 2 we have
NH
T2
(x) = λMT 2 + λ
M(1+T )
T 2 + · · ·+ λ
M(1+(p−1)T )
T 2 = λ
pM+(1+2+···+p−1)MT
T 2 = 0.
Note that 1 + 2 + · · · + (p − 1) = 0 since p(p−1)2 = 0 in Fp. Thus we have that
ker(NH
T2
) = ΛT 2 . We also have D(x) = λ
M(1+T )
T 2 − λMT 2 = λMT . Thus
DΛT 2 = ΛT
Therefore H1(HT 2 ,ΛT 2) = ΛT 2/ΛT . On the other hand, from Lemma 8.3, we have
that card(B1(HT 2 ,ΛT 2)) = card(ΛT 2/ΛT ) and since
H1(HT 2 ,ΛT 2) = Z
1(HT 2 ,ΛT 2)/B
1(HT 2 ,ΛT 2)
from Proposition 5.4 follows that
| (cog(k(ΛT 2)/k(ΛT ))) |=| (Z1(HT 2 ,ΛT 2)) |= [k(ΛT 2) : k(ΛT )]2.
The following lemma shows that certain extensions have properties analogous to
those provided in Lemma 1.3 of [4], namely steps 1 and 2. However we will see that
these properties do not hold in general.
Lemma 7.10. Consider the extension L/k(λP ), where L is the splitting field of
the polynomial XP − a, where P ∈ RT is irreducible and a ∈ k(λP ) \ k(λP )P .
The module cog(L/k(λP )) has no elements of order Q, where Q is an irreducible
polynomial different from P . Furthermore if νp(a) ≥ qd, where d = deg(P ), we
have that cog(L/K) has no elements of order P 2.
Proof. Suppose that there exists an irreducible element of order Q in cog(L/k(λP )).
Since L/k(λP ) is a Galois extension, we have λQ ∈ L and since L/k(λP ) is rad-
ical cyclotomic extension, from Proposition 3.4 we have λQ ∈ µ(k(λP )) = ΛP .
Therefore Q = P .
Now assume that cog(L/k(λP )) has an element of order P
2, that is, there is
β¯ ∈ cog(L/K) such that βP 2 = b ∈ k(λP ). Then, since L/k(λP ) is radical, from
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Proposition 4.2 it follows that λP 2 ∈ L. Consider the following diagram
OL L
Ok(λ
P 2)
k(λP 2 )
Ok(λP ) k(λP )
RT k
Now the ramification index of the prime P in the extension k(λ2P )/k is Φ(P
2) so
the ramification index of P in the extension L/k is d˜Φ(P 2), where d˜ = eL/k(λP2).
From Theorem 3.9 of [9] we have that this ramification index is Φ(P ). In other
words, dΦ(P 2) = Φ(P ), which is absurd. 
Example 7.11. Let P,Q ∈ RT , be different irreducible polynomials. Consider the
extension L = k(ΛP 2Q2)/k. Note that L = k(λP 2 , λQ2). Let σ = 1 + PQ ∈ G =
Gal(L/k). Since λ1+PQP 2Q2 = λP 2Q2 + λPQ 6= λP 2Q2 , we have that σ 6= 1.
We have σ(λPQ) = λ
1+PQ
PQ = λPQ. Therefore if K is the field fixed by (σ), we
have λPQ ∈ K.
On the other hand σp = (1 + PQ)p = 1 + P pQp ≡ 1 mod P 2Q2, so that the
order of σ is p. Hence [L : K] = p.
Since σ(λP 2 ) = λP 2 + λ
Q
P 6= λP 2 we have α = λP 2 /∈ K. Analogously it can be
shown that β = λQ2 /∈ K.
Since [L : K] = p, we have that L = K(α) = K(β), αP = λP and β
Q = λQ.
Therefore cog(L/K), contains elements of order P and elements of order Q.
Example 7.12. Let q = pν with p ≥ 3. Let L = k(ΛP 3) and σ = 1 + P ∈
Gal(L/k(ΛP )). We have σ
p = (1 + P )p ≡ 1 mod P 3. Furthermore σ 6= 1 since
σ(λP 3) = λP 3 + λP 2 6= λP 3 .
Let K = L(σ). We have [L : K] = p. On the other hand σ(λP 2 ) = λP 2 + λP 6=
λP 2 . Therefore α = λP 2 /∈ K. Thus L = K(α) and αP = a ∈ K.
Since λP
2
P 3 ∈ K and λPP 3 /∈ K, λP 3 ∈ L has order P 2. Therefore cog(L/K) has
elements of order P 2. 
Examples 7.11 and 7.12 show that we do not have analogues of Lemma 1.3 of
[4], namely if L/K is a cogalois extension, in the classical sense, and is such that
[L : K] = p, with L = K(α), αp = a ∈ K and L/K is separable and pure, then
(a) The group cog(L/K) has no elements of order q 6= p, q a prime number.
(b) The group cog(L/K) has no elements of order p2.
8. A bound for | cog(L/K) |
In this section we establish an upper bound for the order of cog(L/K). In what
follows let q = pν , and let L/K be a radical extension. The following lemma will
be needed in the section.
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Lemma 8.1. Let K/k be a finite extension. Then there exists M ∈ RT such that
µ(K) = ΛM .
Proof. For each w ∈ µ(K) there exist Dw, Nw ∈ RT such that w = λDwNw . Canceling
common factors we may assume that the greatest common divisor of Dw and Nw
is 1. Therefore ΛNw ⊆ K and we obtain that µ(K) is finite. Thus there exist
N1, . . . , Nr ∈ RT such that ΛNi ⊆ K, for each i = 1, . . . , r. Note that µ(K) ⊆
∪ri=1ΛNi. LetM ∈ RT be the least common multiple of N1, . . . , Nr. Then λM ∈ K.
Since ΛNi ⊆ ΛM for each i = 1, . . . , r, it follows that µ(K) = ΛM . 
Remark 8.2. If L/K is a Galois and radical cyclotomic extension such that µ(K) =
µ(L) then, since L is radical, it is of the form K(ρ1, . . . , ρt), with ρ
Mi
i = ai ∈ K
for some Mi ∈ RT . On the other hand the roots of the polynomial XMi − ai
are {ρi + λAMi}A∈RT . Therefore Gal(K(ρi)/K) ⊆ ΛMi . Thus Gal(K(ρi)/K) is a
p-elementary abelian group.
Since we have an injective map
Gal(L/K) →֒
t∏
i=1
Gal(K(ρi)/K),
it follows that Gal(L/K) is a p-elementary abelian group.
For any field L such that L/k is finite, we have µ(L) = ΛM for some M ∈ RT ,
by Lemma 8.1. We define
deg(µ(L)) = deg(M).
Lemma 8.3. Let L/K be a finite radical cyclotomic Galois extension. Then
B1(G,µ(L)) ∼= µ(L)/µ(K)
as RT -modules.
Proof. We define ψ : µ(L) → B1(G,µ(L)) as follows: ψ(u) = fu, see Equation
(5.1). We have ψ(u+v) = ψ(u)+ψ(v) and ψ(uM ) = fuM for u, v ∈ µ(L), M ∈ RT .
Therefore ψ is a homomorphism of RT -modules and it is surjective by the definition
of B1(G,µ(L)). Since L/K is Galois extension we have ker(ψ) = µ(K) and the
result follows. 
Proposition 8.4. Let L/K be a finite radical cyclotomic Galois extension. If
µ(L) = µ(K), then
| cog(L/K) |= qm deg(µ(L))
where [L : K] = pm.
Proof. From Remark 8.2 we have Gal(L/K) ∼= Cmp , for some m ∈ N. Since
B1(G,µ(L)) = {0} and H1(G,µ(L)) ∼= Hom(G,µ(L)), from Proposition 5.4, we
obtain that
cog(L/K) ∼= Z1(G,µ(L))/B1(G,µ(L)) = H1(G,µ(L)) ∼= Hom(G,µ(L)).
Furthermore µ(L) ∼= Cν deg(µ(L))p .
On the other hand, if we denote by Lp(F
m
p ,F
ν deg(µ(L))
p ) the set of linear trans-
formations from Fmp to F
ν deg(µ(L))
p over Fp and Mm×νdeg(µ(L))(Fp) denotes the set
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matrices m× νdeg(µ(L)) with coefficients in Fp, then
Hom(G,µ(L)) = Hom(Cmp , C
νdeg(µ(L))
p ) = Lp(F
m
p ,F
νdeg(µ(L))
p )
= Mm×νdeg(µ(L))(Fp)
Thus | Hom(G,µ(L)) |= qm deg(µ(L)). 
Example 8.5. Let L be the splitting field of f(X) = XT−1 ∈ k(ΛT )[X ]. From Ex-
ample 7.7 we have | cog(L/k(ΛT )) |= [L : k(ΛT )] = q = qm deg(µ(L)) as established
in Proposition 8.4. 
Proposition 8.6. Let L/K be a finite radical cyclotomic Galois extension and
assume that L = K(µ(L)). Then | cog(L/K) |≤ qm deg(µ(L)), for some m ∈ N.
Proof. From Corollary 6.9 we have [L : K] = pm for some m ∈ N, where p =
char(K). The proof is by induction on m. Let L/K be a finite radical cyclotomic
Galois extension, such that L = K(µ(L)) and [L : K] = p. Then L/K is a cyclic
extension of degree p. LetM = Pα11 · · ·Pαrr and N = P β11 · · ·P βrr , with 1 ≤ βi ≤ αi,
i = 1, . . . , r, such that µ(L) = ΛM and µ(K) = ΛN .
Let G := Gal(L/K) = (σ). Since the action of Carlitz-Hayes commutes with σ,
we have σ(λM ) = λ
A
M for some A ∈ RT . Since λM /∈ K, σ(λM ) 6= λM . Therefore
M ∤ (A− 1). Let M = ND, so λN = λDM . We have
λN = σ(λN ) = σ(λ
D
M ) = (σ(λM ))
D = λADM = λ
A
N .
Hence λA−1N = 0 and N | (A− 1).
On the other hand we obtain
TrG(λM ) = λM + λ
A
M + λ
A2
M + · · ·+ λA
p−1
M
= λ1+A+A
2+···+Ap−1
M = λ
Ap−1
A−1
M = λ
(A−1)p−1
M ,
since A
p
−1
A−1 =
(A−1)p
A−1 .
Therefore TrG(λM ) ∈ K ∩ ΛM = ΛN . Hence there exists C ∈ RT such that
λ
(A−1)p−1
M = λ
C
N . Since σ
p = 1 we obtain σp(λM ) = λ
Ap
M = λM , that is, λ
Ap−1
M = 0.
Since Ap − 1 = (A− 1)p, we have that M | (A− 1)p.
We can write A − 1 = P γ11 · · ·P γrr Q with (Q,P1 · · ·Pr) = 1. If βi < αi we have
λNPi ∈ L \K, furthermore σ(λNPi) = λANPi 6= λNPi . Thus NPi ∤ (A− 1).
It follows that:
(i) γi0 < αi0 for some i0 ∈ {1, . . . , r} because M ∤ (A− 1)
(ii) SinceN | (A−1) we have βi ≤ γi. Furthermore, if βi < αi, sinceNPi ∤ (A−1)
it follows that βi = γi.
(iii) Since λ
(A−1)p−1
M = λ
C
N we obtain αi − (p− 1)γi ≤ βi for 1 ≤ i ≤ r.
(iv) Since M | (A− 1)p we have αi ≤ pγi for 1 ≤ i ≤ r.
Now TrG(λ
B
M ) = (Tr(λM ))
B = λ
B(A−1)p−1
M for any B ∈ RT .
Let B = P δ11 · · ·P δrr R with (R,P1 · · ·Pr) = 1. Then
λBM ∈ ker TrG ⇔ δi + (p− 1)γi ≥ αi for each i
⇔ δi ≥ 0 and δi + (p− 1)γi ≥ αi for each i
⇔ δi ≥ max{0, αi − (p− 1)γi} for each i.
RADICAL EXTENSIONS FOR THE CARLITZ–HAYES MODULE 21
Therefore ker TrG = (λ
B
M ) with B = P
δ1
1 · · ·P δrr and δi = max{0, αi−(p−1)γi} ≤
αi for 1 ≤ i ≤ r. Thus (λBM ) = (λM ′), with M ′ = Pµ11 · · ·Pµrr where µi = αi − δi
for 1 ≤ i ≤ r.
Furthermore IG(λM ) = ((σ − 1)λM ) = (λA−1M ), where IG : µ(L) → µ(L) is the
homomorphism defined by IG(u) = σ(u)−u. On the other hand IG(λM ) = (λM ′′ ),
with M ′′ = Pϕ11 · · ·Pϕrr , where ϕi = max{αi − γi, 0}, 1 ≤ i ≤ r.
From (ii) we obtain that ϕi = αi−βi if βi < αi. If αi = βi from (ii) follows that
αi − γi ≤ 0. Therefore ϕi = αi − βi. Thus
| H1(G,µ(L)) |= | (λM ′ ) || (λM ′′ ) | =| (λM
′′′ ) |
with M ′′′ = P ε11 · · ·P εrr where
εi = µi − ϕi = αi − δi − (αi − βi) = βi − δi, 1 ≤ i ≤ r.
Obviously, εi ≤ βi. Therefore
| H1(G,µ(L)) |= qdegM ′′′ ≤ qdegN .
Combining the above inequality and Lemma 8.3,we obtain
| cog(L/K) | =| H1(G,µ(L)) || B1(G,µ(L)) |=| H1(G,µ(L)) | | µ(L) || µ(K) |
= qdegM
′′′
qdegM−degN ≤ qdegM = qdeg(µ(L)).
Now we suppose that [L : K] = pm with m ≥ 2. Let H be a subgroup of G of
order pm−1. Let E = LH . Then K ⊆ E ⊆ L. We have [E : K] = p, [L : E] = pm−1
and L = E(µ(L)).
If E/K were not a radical cyclotomic extension, we would have cog(E/K) = {0},
since otherwise there would exist a nonzero element α ∈ cog(E/K). In particular
α /∈ K. It follows that E = K(α), but this implies that E/K is a radical cyclotomic
extension, which is absurd.
Thus E/K is a radical extension cyclotomic and we consider two cases:
(i) µ(E) 6= µ(K) and
(ii) µ(E) = µ(K).
In the first case, from what we proved in the case [E : K] = p we obtain
| cog(E/K) |≤ qdeg(µ(E)).
In case (ii), from Proposition 8.4 we have | cog(E/K) |= qdeg(µ(E)). Thus, in any
case
| cog(E/K) |≤ qdeg(µ(E)) ≤ qdeg(µ(L)).
Since L = E(µ(L)) and [L : E] = pm−1, by the induction hypothesis we have
| cog(L/E) |≤ q(m−1) deg(µ(L)). Therefore from the exact sequence of RT -modules
0→ cog(E/K)→ cog(L/K)→ cog(L/E)
it follows that | cog(L/K) |≤| cog(E/K) || cog(L/E) |≤ qm deg(µ(L)). 
From the proof of Proposition 8.6 for the case m = 1, we have the following
corollary.
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Corollary 8.7. Let L/K be a cyclic extension of degree p with L = K(α) such that
α ∈ cog(L/K). Then L/K is a radical cyclotomic extension with | cog(L/K) |=
pνt, where q = pν and
t =
{
deg(µ(L))− deg(µ(K)) + deg(B−1C ) if µ(L) 6= µ(K),
deg(µ(L)) if µ(L) = µ(K),
where σ(λM ) = λ
A
M , B − 1 := gcd(A− 1,M) and C is the polynomial of minimum
degree such that C | (B − 1) and M | C(B − 1)p−1. 
Proposition 8.8. Let L/K be a finite radical cyclotomic Galois extension. Then
| cog(L/K) |≤ qm deg(µ(L))
where [L : K] = pm.
Proof. Let E = K(µ(L)) with K ⊆ E ⊆ L. Then
| cog(L/K) |≤| cog(E/K) || cog(L/E) |≤ qmdeg(µ(L))
by Propositions 8.4 and 8.6. 
The following example shows that the inequality in Proposition 8.8 may be strict.
Example 8.9. Let L = k(ΛP 2p−1), with P ∈ RT irreducible, and σ = 1 + P 2 ∈
Gal(k(ΛP 2p−1)/k). We have
σ(λP 2p−1 ) = λP 2p−1 + λP 2p−3 6= λP 2p−1 .
Thus σ 6= 1.
On the other hand σp = (1 + P 2)p = 1 + P 2p. Hence
σp(λP 2p−1) = λP 2p−1 + λ
P 2p
P 2p−1 = λP 2p−1 .
Therefore σp = 1, and the order of σ is p.
Let E = L(σ). Then [L : E] = p and L/E is a radical cyclotomic extension.
We have σ(λMP 2p−1) = λ
M
P 2p−1 + λ
M
P 2p−3 = λ
M
P 2p−1 if and only if the exponent which
appears in P in the decomposition of M as product of irreducible polynomials is
greater than or equal to 2p−3. In this case λP 2p−3P 2p−1 = λP 2 ∈ E. Note that λP 3 /∈ E.
Therefore µ(E) = ΛP 2 . Further µ(L) = ΛP 2p−1 .
Let Nµ(L) be the trace map from L to E, that is Nµ(L) :=
∑p−1
i=0 σ
i. We have
Nµ(L)(λ
M
P 2p−1 ) = λ
M( (1+P
2)p−1
(1+P2)−1
)
P 2p−1 = λ
MP 2p−2
P 2p−1 = λ
M
P = 0 if and only if P divides M .
Therefore KerNµ(L) = (λ
P
P 2p−1 ) = ΛP 2p−2 .
Let G := Gal(L/E) and IG = 〈σ〉. Then IG(µ(L)) = (σ(λP 2p−1 ) − λP 2p−1) =
(λP 2p−3) = ΛP 2p−3 . Therefore
| cog(L/E) |=| H1(G,µ(L)) | | µ(L) || µ(E) | =
| ΛP 2p−2 |
| ΛP 2p−3 |
| ΛP 2p−1 |
| ΛP 2 |
= qd(2p−2)
where d = deg(P ). Since m = 1, we have
| cog(L/E) |= qd(2p−2) < qd(2p−1) = qm deg(µ(L)).
Theorem 8.10. Let L/K be a finite radical cyclotomic extension. Then if L˜ is the
Galois closure of L, we have
| cog(L/K) |≤ qm deg(µ(L˜))
where [L˜ : K] = pm.
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Proof. Let G = Gal(L˜/K) = HN with H a normal subgroup of G and N a p-Sylow
subgroup of G. Let F = L˜H . We can assume that F = L by changing H by a
conjugate. We obtain the diagram
L
H
L˜
N
K E
Let α be a nonzero element of cog(L/K). There exists N ∈ RT such that
αN = a ∈ K. Since α ∈ L˜, αN ∈ K ⊆ E, that is, α ∈ cog(L˜/E). If α = 0
in cog(L˜/E), we would have α ∈ E ∩ L = K so that α = 0 in cog(L/K), a
contradiction. Then cog(L/K) ⊆ cog(L˜/E).
Therefore | cog(L/K) |≤| cog(L˜/E) |≤ qm deg(µ(L˜)). 
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